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Abstract. Isotopic dependence of the fusion dynamics is studied by analyzing the collision of a large
number of isotopes of Ca and Ni with 0.6 6 N/Z 6 2. This study, which results from the Skyrme energy
density formalism, reveals that the addition of neutrons favors fusion of reacting partners, whereas the
reverse happens with the removal of neutrons. The fusion barrier heights and positions follow a non-linear
second-order dependence on

(

N
Z
− 1

)

, whereas fusion cross-sections can be parameterized by a straight
line.

PACS. 24.10.-i Nuclear reaction models and methods – 25.70.Jj Fusion and fusion-fission reactions –
25.60.Pj Fusion reactions – 25.70.-z Low and intermediate energy heavy-ion reactions

The last few years have seen a renewed interest in the
field of fusion dynamics primarily due to the discovery of a
large number of isotopes of different nuclei at the extreme
and, subsequently, to the availability of a large number of
neutron-rich and -deficient nuclear beams both in primary
and secondary modes. The reactions of neutron-rich and
-deficient nuclei not only provide a check for the validity
of nuclear-structure models, it also enhances dramatically
the possibility of synthesis of new and very neutron-rich
nuclei.

Due to extensive efforts, a rich knowledge has been
gathered over the neutron and proton excess domains
leading to a large number of radioactive nuclear beams.
One has, for example, knowledge about the properties
of neutron-rich nuclei like 9–10

2He (NP/ZP = 3.50–4.00;
NP/ZP being number of neutrons/protons of the pro-
jectile), 26–28

8O (NP/ZP = 2.25–2.50), 31
9F (NP/ZP =

2.444), 34
10Ne (NP/ZP = 2.40), 30–32,37

11Na (NP/ZP =

1.727–1.909, 2.364), 40
12Mg (NP/ZP = 2.333), 49–51

18Ar

(NP/ZP = 1.722–1.833), 60
20Ca (NP/ZP = 2.0), 68–78

28Ni

(NP/ZP = 1.429–1.786), 132
50 Sn (NP/ZP = 1.64), 123

47 Ag
(NP/ZP = 1.617), 123–128

48Cd (NP/ZP = 1.563–1.667) [1]
as well as neutron-deficient (proton-rich) nuclei like 6

4Be
(NP/ZP = 0.50), 10

7N (NP/ZP = 0.429), 12
8O (NP/ZP =

0.50), 22
14Si (NP/ZP = 0.571), 31

18Ar (NP/ZP = 0.722), 34
20Ca

(NP/ZP = 0.70), 38,39
22Ti (NP/ZP = 0.727, 0.773), 45

26Fe

(NP/ZP = 0.731), 48,49
28Ni (NP/ZP = 0.714–0.75), 54

30Zn

a e-mail: rkpuri@pu.ac.in

(NP/ZP = 0.80), 217
92 U (NP/ZP = 1.359) [2] etc. In addi-

tion, nuclear beams of a large number of neutrons as well
as proton-rich nuclei are also available. Interestingly, due
to several possibilities of occurrence of magic (or double
magic) nuclei, isotopes of Ca and Ni are often chosen for
the study of fusion dynamics [3–13]. The general limita-
tion of these experimental attempts is that the segment
of the neutron-rich/-deficient nuclei undertaken for fusion
studies is rather small

(

N
Z

6 1.4
)

[9]; N/Z is the number
of neutrons/protons of the compound nucleus.

Recently, we reported a systematic study of the fu-
sion of neutron-rich colliding nuclei [13]. There, a lin-
ear isotopic dependence was predicted for the first time,
that yielded a close agreement with experimental mea-
surements reported very recently [14]. We here present,
for the first time, a complete isotopic dependence of the
fusion probabilities over a wide range of neutron-rich as
well as -deficient colliding nuclei. As a first step, we study
the collisions of different isotopes of (much sought after)
Ca and Ni nuclei and present a unified formula for the role
of the neutron content in the fusion probabilities. Our aim
here is to investigate the effect of the addition/removal of
neutrons on fusion dynamics. The present study is carried
out within the framework of the Skyrme energy density
model (SEDM) [15,16] that has been found to reproduce
experimental data on fusion very well [17].

In the Skyrme energy density model (SEDM) [15], the
nucleus-nucleus interaction potential is calculated as a dif-
ference of the energy expectation E[=

∫

H(~r )d~r ] of col-
liding nuclei at a separation distance R and at complete
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isolation (i.e. at ∞)

VN(R) = E(R)− E(∞) =

∫

{

H(ρ, τ, ~J )

−H1(ρ1, τ1, ~J1)−H2(ρ2, τ2, ~J2)
}

d~r , (1)

where H(ρ, τ, ~J ) is the Skyrme Hamiltonian density that
comprises nucleonic density (ρ), kinetic energy density (τ)

and spin density ( ~J ). For an even-even spherical nucleus,

the Hamiltonian density H(ρ, τ, ~J ) reads as

H(ρ, τ, ~J ) =

~
2

2m
τ +

1

2
t0

[(

1 +
1

2
x0

)

ρ2
−

(

x0 +
1

2

)

(

ρ2
n + ρ2

p

)

]

+
1

4
(t1 + t2) ρτ +

1

8
(t2 − t1) (ρnτn + ρpτp)

+
1

16
(t2−3t1) ρ∇

2ρ+
1

32
(3t1 + t2)

(

ρn∇
2ρn + ρp∇

2ρp

)

+
1

4
t3ρnρpρ−

1

2
W0

(

ρ~∇ · ~J + ρn
~∇ · ~Jn + ρp

~∇ · ~Jp

)

. (2)

Here n and p refer to the neutron and proton numbers,
respectively. For the present analysis, Skyrme force SIII
with sudden approximation is used. We apply the stan-
dard Fermi-mass density distribution [13,15,17], where,
in the light of the findings of ref. [9], the neutron skin for
the neutron-rich nuclei is neglected. For the details of the
model, the reader is referred to refs. [13,15,17].

By adding the Coulomb potential, one can compute
the total potential VT(R) [15,17] as

VT(R) = VN(R) +
Z1Z2e

2

R
. (3)

The barrier height VB and position RB of the reaction
are, then, determined from the condition

dVT(R)

dR

∣

∣

∣R=RB
= 0, and

d2VT(R)

dR2

∣

∣

∣R=RB
6 0. (4)

The knowledge of the shape of the potential as well
as barrier position and height, allows one to calculate the
fusion probabilities [18] for incident energies above the
Coulomb barrier as

σfus (mb) = 10πR2
B

[

1−
VB

Ecm

]

. (5)

Using the above description, we calculated the inter-
action potential for 115 collisions involving A1Ca + A2Ca,
A1Ni + A2Ni and A1Ca + A2Ni; where A1 and A2 are the
masses of isotopes involving different neutron content in
the range −0.4 6

[

N
Z
− 1

]

6 1. We start with the collision
of symmetric (N = Z) nuclei and then either add or re-
move neutrons gradually from either of the colliding pairs.
In order to show the effect of addition and/or removal of
the neutrons on the potential, we plot in fig. 1, the nu-
clear VN(R), Coulomb VC(R) as well as the total poten-
tial VT(R) for illustrative examples of symmetric 40
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Fig. 1. The nuclear VN, Coulomb VC and total VT potentials
for the collision of 34Ca + 34Ca, 34Ca +40 Ca, 40Ca + 40Ca,
40Ca +48 Ca and 48Ca + 48Ca as a function of the inter-nuclear
distance R using the Skyrme force SIII. The fusion barrier
position RB and barrier height VB are also indicated in one
reaction.

40
20Ca20 and proton-rich 34

20Ca14 + 40
20Ca20,

34
20Ca14 + 34

20Ca14

as well as neutron-rich 40
20Ca20 + 48

20Ca28 and 48
20Ca28 +

48
20Ca28 colliding pairs as a function of the inter-nuclear
distance R. If one looks at the nuclear potential VN(R)
in terms of the proximity concept [19] (where one can
write VN(R) = 2πR̄φ(s), φ(s) being the universal func-
tion), one expects a gradual shift in the potential with a
change in the neutron or mass number. Naturally, due to
larger relative variation in R̄, the effect will be stronger in
lighter nuclei compared to heavier ones. In other words,
one should expect a stronger isotopic effect for proton-rich
colliding nuclei compared to neutron-rich colliding nuclei.
It is worth mentioning that the change in the neutron
content not only alters the barrier heights and positions,
it also changes the diffuseness of the barrier. This could
have a drastic (and dramatic) effect at sub-barrier energies
where one-dimensional penetration models are reported to
fail to explain the measured fusion probabilities [7].

Another point to note here is that the change in the
neutron content also affects the depth of the pocket of
the potential. One sees that the pocket is less deep in the
collisions of proton-rich nuclei making them less favorable
for fusion. One should, however, keep in mind that the
sudden approximation, used in the present analysis, is not
a good assumption in the interior parts of the potential.

Before, we present the systematic study of the effect of
the neutron content on fusion, let us compare our results
(for the isotopic dependence of the fusion barriers) with
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Table 1. Fusion barrier heights VB and positions RB using the Skyrme force SIII along with other theoretical and experimental
data.

Sr. Reaction Z1 · Z2 A
1/3

1
+A

1/3

2
SEDM SIII SB (fm) Expt. Theoretical Results

No. VB (MeV) RB (fm) VB (MeV) RB (fm) VB (MeV) RB (fm)

1. 40Ca + 40Ca 400 6.84 54.3 9.73±0.05 2.03 52.30±0.5 8.8±0.5 [10] 55.9 [10] –
50.60±2.8 9.50±0.5 [17] 54.9 [10] –
55.60±0.8 9.10±0.6 [17] 57.76 9.25 [20]

55.92 9.50 [21]
58.01 9.2 [22]
55.03 9.742 [24]

2. 40Ca + 44Ca 400 6.95 53.4 9.92±0.05 2.09 51.70±1.2 8.50±0.5 [10] 52.4 [23] –
55.0 [10] –
54.0 [10] –
54.35 9.877 [24]

3. 40Ca + 48Ca 400 7.05 52.6 10.06±0.05 2.10 53.2 10.08 [9] 54.3 [10]
51.30±1.0 7.80±0.3 [10] 53.2 [10]

56.05 9.60 [20]
54.31 9.80 [21]
56.52 9.5 [22]
54.08 9.931 [24]

4. 48Ca + 48Ca 400 7.27 51.1 10.40±0.10 2.17 51.7 10.38 [9] 54.58 9.90 [20]
53.22 10.10 [21]

5. 40Ca + 58Ni 560 7.29 73.2 10.07±0.05 1.82 73.0 9.6±0.3 [8] 75.7 9.80 [8]
73.36 10.20 [25] 74.75 9.89 [25]

76.37 9.75 [25]
75.47 9.80 [25]
74.72 10.05 [25]
73.57 10.31 [25]

6. 40Ca + 62Ni 560 7.38 72.3 10.19±0.10 1.83 71.0 9.5±0.2 [8] 75.2 9.9 [8]
72.30 10.35 [25] 73.89 10.02 [25]

75.39 9.89 [25]
74.54 9.90 [25]
73.64 10.20 [25]
72.87 10.42 [25]

7. 58Ni + 58Ni 784 7.74 99.0 10.26±0.10 1.46 97.90 8.30 [4] 99.0 8.8 [3]
104.5 10.03 [5]

95.6 [23] –

8. 58Ni + 64Ni 784 7.87 97.3 10.56±0.05 1.60 96.0 8.20 [4] 102.8 10.23 [5]
94.1 [23] –

9. 64Ni + 64Ni 784 8.00 95.7 10.82±0.10 1.70 93.50 8.60 [4] 101.1 10.42 [5]

experimental as well as with other theoretical results. In
table 1, we list the isotopes of colliding Ca/Ni nuclei along
with the fusion barrier heights and positions. We also list
the fusion surface distance SB = RB− (R1+R2). The dif-
ferent theoretical results listed in the table are based on
several different descriptions. For example, ref. [3] used the
Krappe-Nix-Sierk formula for ion-ion potentials, whereas
results of ref. [5] are based on the concept of transmis-
sion across a mildly absorptive effective fusion barrier.
Results reported in refs. [20,21] are based on the Skyrme
energy density formalism, whereas ref. [22] is based on the
Brueckner energy density formalism. The coupled channel
technique was used in refs. [23,24], whereas ref. [25] , is a
compilation of several of the above-mentioned methods.

As evident from the table, one can divide the reac-
tions into two categories: i) the symmetric colliding nuclei

X +X; X being either Ca or Ni isotope and ii) the cross-
reacting partners involving Ca and Ni nuclei. One can ob-
serve several visible conclusions: i) our present results with
the Skyrme force SIII are the closest compared to all other
reported theoretical results, which gives us confidence in
the model. ii) All theoretical models and experimental
measurements give smaller reduced barrier heights with
the addition of neutrons. iii) Though all the theoretical
models predict shifting of the barrier outward with the
addition of neutrons, some controversial results can be
seen in the experimental measurements. For example, one
experimental measurement listed the barrier position RB

in 40Ca + 48Ca = 7.8± 0.3 fm [10], whereas other recent
measurement extracted RB = 10.08 fm [9]. These con-
troversies need to be sorted out before the isotopic depen-
dence trend can be studied experimentally. If one looks the
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fusion surface distance SB, one finds that it decreases with
the product of the charges for nearly symmetric cases.
This is because of the fact that one needs more penetra-
tion to counterbalance the Coulomb force in heavier col-
liding nuclei compared to the lighter one. Interestingly, for
a given pair, SB increases with the neutron content. This
happens because while the product of the charges stays
constant, the contribution of nuclear interaction increases
with addition of neutrons that allows the barrier to occur
at larger distances. From the table, one also realizes that
the range of the experimentally measured isotopic depen-
dence of fusion probabilities is very limited

(

N
Z

6 1.4
)

.
In order to reach a meaningful understanding and con-

clusion, we calculate the fusion barrier heights and posi-
tions for 115 reactions involving the isotopes of Ca and Ni
with 0.6 6 N/Z 6 2.0 and analyze the normalized vari-
ation in the barrier heights and positions over a N = Z
colliding pair as

∆RB(%) =
RB −R0

B

R0
B

× 100, (6)

∆VB(%) =
VB − V 0

B

V 0
B

× 100, (7)

where R0
B and V 0

B are, respectively, the positions and
heights of the barriers for a N = Z symmetric colliding
pair.

Similarly, one can also define the normalized fusion
cross-section:

∆σfus(%) =
σfus(E

0
cm)− σ0

fus(E
0
cm)

σ0
fus(E

0
cm)

× 100 (8)

with E0
cm and σ0

fus being the center-of-mass energy and fu-
sion cross-section for a symmetric colliding pair. The ad-
vantage of such normalized quantities is that these quan-
tities give a mass-independent picture. In fig. 2, we plot
∆RB(%) (upper part) and ∆VB(%) (lower part) as a func-
tion of

(

N
Z
− 1

)

. The addition of neutrons extends the
RB toward larger distances monotonically whereas VB de-
creases linearly. The extended barrier positions should
give reduced barrier heights. One sees a reverse trend
in the case of neutron-deficient colliding nuclei. In addi-
tion, the variation in the barrier positions and heights
is stronger in proton-rich colliding nuclei compared to
neutron-rich colliding nuclei.

The neutron-rich and -deficient cases can be parame-
terized separately by a straight line as

∆RB(%) =

{

19
[

N
Z
− 1

]

N
Z

> 1,

27
[

N
Z
− 1

]

N
Z

6 1,
(9)

∆VB(%) =

{

−14.5
[

N
Z
− 1

]

N
Z

> 1,

−23
[

N
Z
− 1

]

N
Z

6 1.
(10)

These different variations of ∆RB(%) and ∆VB(%) for
the N/Z > 1 and N/Z 6 1 cases, compels us to choose a
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Fig. 2. The normalized barrier positions ∆RB(%) and bar-
rier heights ∆VB(%) as a function of

(

N
Z
− 1

)

. We display the

results of our calculations for the collisions of A1Ca + A2Ca,
A1Ca + A2Ni and A1Ni + A2Ni along with other available the-
oretical and experimental values (see table 1). In all those cases
where no data are available for the N = Z case, a straight line
interpolation is used to extract∆RB(%) and∆VB(%). The dot-
ted and dash-dotted lines are the fits over the calculated points,
respectively, for N/Z > 1 and N/Z < 1, whereas the solid line
represents the fit for the full range, i.e. −0.4 6

[

N
Z
− 1

]

6 1.
The theoretical data reported here are taken from ref. [25].

new unified non-linear functional valid for both cases. The
unified formula for −0.4 6

N
Z
− 1 6 1 can be written as

∆RB(%) = 24
(

N
Z
− 1

)

− 6.2
(

N
Z
− 1

)2
,

∆VB(%) = −18.5
(

N
Z
− 1

)

+ 6
(

N
Z
− 1

)2
.

(11)

We see from fig. 2 that our above formulae are able to
reproduce the exact values quite closely. The second-order
non-linear term in the above equations takes care of the
different dependences for N

Z
> 1 and N

Z
6 1. We also dis-

play in the figure, the available results of other theoretical
models as well as experimental measurements. In, all the
cases, where values of fusion barrier positions and heights
for a N/Z = 1 colliding pair are not available, a straight-
line interpolation is used between the known points to get
∆RB(%) and ∆VB(%). We see that our present results fall
on the top of these results. From the figure, it is also clear
that there is a monotonic reduction in the fusion probabil-
ities for proton-rich colliding nuclei, whereas an enhance-
ment can be seen for the neutron-rich colliding pairs.
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B , 1.125V
0
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B . The available experimental
data are also displayed.

In fig. 3, we display the ∆σfus(%) as a function of
(

N
Z
− 1

)

for all three series at different center-of-mass en-
ergies Ecm. We see that all fusion cross-sections can be
parameterized by a single linear function of the form

∆σfus(%) = α

[

N

Z
− 1

]

, (12)

where α depends on the center-of-mass energy. One can
also make a couple of additional observations: i) Though
∆RB(%) and ∆VB(%) need a second-order non-linear pa-
rameterization, ∆σfus(%) can be parameterized by a first-
order straight line. This happens because the stronger
variation of ∆RB(%) in neutron-deficient colliding nuclei
is counterbalanced by the corresponding ∆VB(%) vari-
ation; therefore, the net variation in the fusion cross-
section follows a straight line. ii) The parameter α in eq.
(12) is much stronger for the near-barrier incident ener-
gies which reduce to an insignificant level for very high

incident energies. Similar observations are also made by
other authors [3–12]. This clearly indicates that the role
of the neutron content is limited to near-barrier incident
energies, therefore, the processes that happen around the
Coulomb barrier can be expected to be affected by the
variation in the neutron content.

Summarizing, we presented a complete analysis of the
isotopic dependence of the fusion probabilities for neutron-
rich as well as neutron-deficient colliding nuclei using the
Skyrme energy density model. We observed a non-linear
second-order isotopic dependence for the normalized vari-
ation in the barrier heights and positions with the neutron
content. The fusion probabilities, however, show a linear
isotopic dependence for the entire range of the neutron-
rich and -deficient cases. Our results are in good agreement
with other (limited) available experimental data as well as
with other theoretical models. Experiments are needed to
verify our predictions.
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